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Abstract 

Let be the class of structures (A, <, A), where A C A is disjoint 
from a club, and let be the class of structures (A, <,A), where 
A C A contains a club. We prove that if A = A”"'^ is regular, then no 
sentence of L^+k separates and Kj^. On the other hand, we prove 
that if X = and a forcing axiom holds (and = Mi if 

/i = Mq), then there is a sentence of Lw which separates and Ky 

One of the fundamental properties of is that although every count¬ 
able ordinal itself is definable in the class of all countable well-ordered 
structures is not. In particular, the classes 

= {{uj,R) : R well-orders a;} 

= {(A, R) : (a;, R) contains a copy of the rationals} 

cannot be separated by any L^^^^-sentence. In this paper we consider infinite 
quantifier languages L^a, A > o;. Here well-foundedness is readily definable, 
but we may instead consider the class 

Tx = {{X, R) : (A, i?) is a tree with no branches of length A}. 
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If A = A“^^, then a result of Hyttinen implies that Tx cannot be dehned 
in Lx+x- 

The main topic of this paper is the question whether the classes 
— {(•^) <,A):A is disjoint from a club of A} 

= {(-^5 <5 ^ contains a club of A} 

can be separated in Lx+x and related languages. Note that a set A C A con¬ 
tains a club if and only if the tree T{A) of continuously ascending sequences 
of elements of A has a branch of length A. We show (Theorem |l|) that the 
classes and Kl cannot be separated by a sentence of Lx+k, if A = A^'^ is 
regular. The proof of this result uses forcing in a way which seems to be new 
in the model theory of inhnitary languages. It follows from this result that 
the class 

Sx = {(A, <,A):A is stationary on A}, 

that separates Kx and Kl, is undehnable in Lx+k, if A = A^'" is regular. We 
complement this result by showing (Theorem that if either A = /r’*' and 
fi = > a; or A = Wi and additionally a forcing axiom holds, then there is 

a sentence of Lxx which dehnes Sx and thereby separates and Kl. 

Hyttinen actually proves more than undehnability of Tx in Lx+x- 
He shows that Tx is undehnable - assuming A = A''^ - in PC {Lx+x)- We 
show (Theorems ^ and |^) that the related statement that is dehnable in 
PC{L^.^^^) is independent of ZFC-I-CH. 

1 The case A = 

Theorem 1 // A = A^'' is regular, then the classes K^ and Kl cannot he 
separated by a sentence of Lx+k- 

Proof. Assume A = is regular and ip G Lx+k- Let V be the forcing 
notion for adding a Cohen subset to A. Thus p G P if p is a mapping 
p : Op —>• 2 for some Op < A. A condition p extends another condition q, in 
symbols p > g, if Op > Og and p|ag = q. Let G be P-generic and g = \JG. 
Thus 

V[G] 1= p~^(l) is bi-stationary on A. 

Now either ip or -<ip is true in (A,<,p“^(l)) in H[G]. We may assume, by 
symmetry, that it is ip. Let p E G such that 

p\\-p 
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where g is the canonical name for g. It is easy to use A = A^'' and regularity 
of A to construct an elementary chain (M^ : < A) such that 

(i) -< {H{beth 7 {\)), G, <*), where <* is a well-ordering of H(bethr^X)). 

(ii) A + 1 U M U {P} U TCd^}) C Mo. 

(hi) (M^ : ?7 < 0 e M^+i. 

(iv) Ml, = for limit z/. 

(v) C M^+i. 

(vi) |M^| = A. 

Let M = Note, that M'^'^ C M because A is regular. We shall 

construct two P-generic sets, and over M. For this end, list open 
dense D CV with D e M as {D^ : ^ < X). Dehne < A} so that 

Po = P, p\+i > p\ with p\^-^ G n M, p^+i(api) = /, and for 

limit V. Clearly, G^ is P-generic over M and 

M[G^]h[(A,<,(l?0-^(l))h^], 

where g’' = IJGh Note also that M[G^]^'^ C M[G*], because M^^ C M and 
P is < K-closed. 

Lemma 2 If ip{x) G La+k such that TC{{ip{x)}) C M, X G M, and a G 
A^'', then 


(A, <, X> h :f{a) ^ M[G'] h [(A, <, X> [= :f{a)]. 

Proof. Easy induction on <p(a;). □ 

By the lemma, (A, <, (p^)“^(l)) |= ip. By construction, (A, <, ( 5 f^)“^(l)) G 
Kl^. Now we can finish the proof. Suppose C Mod{'p) and K\r\Mod{f)) = 
0. This contradicts the fact that (A, <, (p^)“^(l)) G K\ fl Mod{f)). Suppose 
K\ C Mod{ip) and Ci Mod{^jJ) = 0. This contradicts (A, <, (p°)“^(l)) G 
Kl^]Mod{^p). □ 

Corollary 3 // A = A^'^ is regular, then there is no (p E L\+k such that for 
all A C A.' (A, <,A) \= p A is stationary. 
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Theorem ^ gives a new proof of the result, referred to above, that if 
A = A^'^, then Tx is not definable in Lxx- Our proof does not give the 
stronger result that Tx is not definable in PC {Lxx), and there is a good 
reason: may be PO(Ltj^a;i)-definable, even if 2^° = Ki. This is the topic 

of the next section. 


2 An application of Canary trees. 

A tree C is a Canary tree if C has cardinality < 2^, C has no uncountable 
branches, but if a stationary subset of uJi is killed by forcing which does not 
add new reals, then this forcing adds an uncountable branch to C. By [Q, 
this is equivalent to the statement that 

(*) For every co-stationary AT uji there is a mapping / with Rng(/) C C 
such that for all increasing closed sequences s, s' of elements of A, if s 
is an initial segment of s', then /(s) <c f{s'). 

Theorem 4 (i) Con(ZF)^ Con(ZFC + CH + there is a Canary tree) ^ 

(a) V=L —> there are no Canary trees /§/■ 

Thus the non-existence of Canary trees is consistent with CH, relative to 
the consistency of ZF. This result was first proved in by the method of 
forcing. 

Theorem 5 Assuming CH and the existence of a Canary tree, there zs a $ G 
PC{L^ 2 io-^) such that for all A C oji: {uji, <, A) |= $ A is stationary. 

Proof. Let C be a Canary tree. It is easy to construct a PC(L^ 2 t^J-sentence 
T such that the following conditions are equivalent for all A C a;i: 

(i) (a;i,<,A) ^ 

(ii) There is a mapping / with Rng(/) C C such that for all increasing 
closed sequences s, s' of elements of A, if s is an initial segment of s', 
then /(s) <c /(s'). 

We allow predicate symbols with a;-sequences of variables in the PC{L^.^^f)- 
sentence T. Now the claim follows from the property (*) of Canary trees. 
□ 
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Theorem 6 Con(ZF) implies Con(ZFC + CH + there is no ^ 
such that for all A (Zoji: (a;i, <,A) |= $ A is stationary). 

Proof. We start with a model of GCH and add K2 Cohen snbsets to uji. In 
the extension GCH continues to hold. Suppose there is in the extension a 
$ G such that for all H C cm: 

(cui, <, H) 1 = $ A is stationary. 

Since the forcing to add ^2 Cohen subsets of cui satisfies the K2-C.C., $ belongs 
to the extension of the universe by Ki of the subsets. By first adding all but 
one of the subsets we can work in V[A\ where H is a Cohen subset of uji and 
$ is in I/. Note that H is a bi-stationary subset of uJi. Let F be in H the 
forcing for adding a Cohen generic subset of uJi and let A be the F-name for 
A. Let p force {ui, <,H) |= d). By arguing as in the proof of Theorem |^, 
we can construct in V a model M of cardinality Ki containing F such that 
C M, 

M|=[p||- 1=$], 

and, furthermore, we can extend p to a F-generic set H F uji over M such 
that H is non-st at ionary. Thus M[H] satisfies 

(a;i,<,F) |=$. (1) 

Now (|^ is true in V, because C M[H]. Since F is countably closed, 

we have (|l|) in H[v 4 ], whence H is stationary in V[A\, contrary to the fact 
that H is non-st at ionary in H. □ 


3 An application to the topological space 

Let A/i denote the generalized Baire space consisting of all functions f ■. uji ^ 
cui, with the sets 

W = {/ e 7 Vi : /|Dom(s) = s}, 

where s G as basic open sets. We call open sets S? and closed sets 

Hp A set of the form A’ where each A^ is in is called 

Respectively, a set of the form n^<a;i A’ where each is in is 

called n°. In Mi it is natural to define Borel sets as follows: A subset of Mi 
is Borel if it is E° or H^ for some a < a;2. A set A C Mi is Hj if there is an 
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V5'((/,5') e B). A set is S} 


open set 5 C A/i x A/i such that \/f{f^A 
if its complement is Ilj. 

Let CUB be the set of characteristic functions of closed unbounded sub¬ 
sets of cui, and NON-STAT the set of characteristic functions of non-stationary 
subsets of uji- Clearly, CUB and NON-STAT are disjoint S}. It was proved 
in @] that, assuming CH, CUB and NON-STAT are flj if and only if there is 
a Canary tree. Another result on [^] says that the sets CUB and NON-STAT 
cannot be separated by any fig or Eg set. 

Theorem 7 Assuming CH, the sets CUB and NON-STAT cannot he sepa¬ 
rated by a Borel set. 

Proof. Let {s^ : a < uji} enumerate all s G Let C = {ja<L02 

where 

Co = {0,1} X A/i 
C, = {2,3}x‘"i(UC'a). 

a<S 

Now we dehne a Borel set Be for each c G C as follows: 

B{oj)= U ) ^(1,/) = n 

^( 2 ,/) = u %{«) ’ ^(3./) = n ^/(o- 

a<a;i a<a;i 

Clearly, every Borel subset X of A/i is of the form Be for some c & C. Then 
we call c a Borel code of X. 

Assume A is a Borel set which separates CUB and NON-STAT. Let c be 
a Borel code of A. Let V be the forcing notion for adding a Cohen subset to 
uji- Let G be "P-generic and g = {jG. Thus 

V[G] 1= is bi-stationary. 

Now either G Be or G Be in U[G]. We may assume, by sym¬ 
metry, that G Be- Let p E G such that 

p\\-rr^{^) e Be, 

where g is the canonical name for g. Let M -< {H{beth'i{uJi)), G, <*), where 
<* is a well-ordering of H{beth'i{X)), such that a;i-t-lU{p}U{P}UTC({c}) C 
M, C M and \M\ = uji. 
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We shall construct two P-generic sets, and over M. For this end, 
list open dense D C V with D e M as {D^ : ^ < ui). Dehne : 

^ < oji} so that pg = p, p|_,_;^ > p| with p|_,_]^ G -D^ fl M, p|+i(app = /, and 
Py = limit z/. Clearly, G^ is "P-generic over M and 

M[G^] 1= (p 0-'(1) e Pc, 

where Note also that M[G*]^‘^ C M[G*], because C M and 

V is ccz-closed. 

Lemma 8 If c E G such that TG({c}) C M, and f G M, then 

M[G'] h [/ e Pc]. 

Proof. Easy induction on c. □ 

By the lemma, (p^)“^(l) G Pc- By construction, (p°)“^(l) G NON-STAT 
and (p^)“^(l) G CUB. Now we can hnish the proof. Suppose CUB C A and 
NON-STATnA = 0 . This contradicts the fact that (p°)“^(l) G NON-STATC 
A. Suppose NON-STAT C A and CUB fl A = 0 . This contradicts the fact 
that (p^)"^(l) G CUB n A. □ 

4 The case > A. 

Let p be a cardinal. Sets A, P C p are called almost disjoint (on fi) if 
sup(A n P) < p. An almost disjoint \-sequence of subsets of p is a sequence 
B = (Pq : q; < A) such that for all a 7^ /?, |Pa| = p and the sets P^ and 
P /3 are almost disjoint. The sequence B is said to be definable on Lx if there 
is a sequence {Sa ■ a < X) such that lim sup^<;^ 6 ^ = X and the predicates 
X E By Ay < Sa and x = 6 yAx<aAy<a are dehnable on every structure 
{La, g), where a < A, that is, there is a hrst order formula qPo{x,y) of the 
language of set theory such that for x, p < a < A: 

xEByAy<5a {La,E) <Ao{x,y). 

Lemma 9 //Kf = Ki, then there is an almost disjoint ooi-sequence of subsets 
ofui, which is definable on 
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Proof. There is a set {Bi : i < of almost disjoint subsets of uj in L. 
Since K]" = Ki, this set is really of cardinality Ki. Let d{x, y) be a Si-formula 
of set theory such that for all a and x,y ^ La, x <l y La \= 9{x,y), 

where <l is the canonical well-ordering of L. The claim follows easily. □ 

Theorem 10 Suppose 

(i) A = 

(ii) There is an almost disjoint \-sequenee B = {Ba : a < \) of subsets of 
fi which is definable on Lx. 

(Hi) For all club subsets C of X there is a subset X of y such that for all 
a < \ we have 

a G C sup{Ba \C) < y. 

Then there is a sentence ip G Lxx so that for all AF \: 

(X,<,A} \= ip A is stationary. 

Proof. Suppose ipo dehnes the almost disjoint sequence, as above. We dehne 
a sequence of formulas of Lxx- The variable vectors x in these formulas are 
always sequences of the form {xi : i < y). Let <h be the conjunction of a large 
but hnite number of axioms of ZFC + V = L. If '^(T) is a formula of set 
theory, let ijj'iz, x, u, v) be the result of replacing every quantiher V?/... in $ 
by V|/(Vi<^|/ = Xi^ ...), every quantiher 3?/... in $ by 3y{\Ji^^y = XiA ...), 
and y E z everywhere in <l> by Vi<^(l/ = Ui A z = vf). The following formulas 
pick y from (A, <): 

< Xj) A'iz{z <y ^ \li<^,z = Xi)), 
'iu{ip^^{u) ->y <u), 
l\i<^ T&^l{y^)TB^{x,u,v,z,y) 

The following formulas are needed to refer to well-founded models of set 
theory: 

Tuni{x, Z) 
ipeps{x,u,v,z,y) 
iPwf{x, U,V) 

iPcor{x, U, V, Z) 
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Vi<^ Z = Xi 

Tuni{x, z) A iPuni{x, y) A Mi<p{z = Ui A y = Vi) 
<h'(T, u,v) A\/y{{Ai^^ip uni {x,yi)) 

V i<fj, ~'Teps{x, U, V, l/i+1, yi)) 

Vs(s < z ^ \/i<p(s = UiAz = Vi) 


TeAy) 

'tP&Ay) 



Let 




3x3u3v{ip^f{x, U, v) A ipcorix, U, V, z)A 

(fcor(x, u, V, y) A (j)'o{z, y, f, u, v)). 


The point is that if a E fi and /? € A, then a E By if and only if (A, <) |= 
<PB(a, P). The following formnla says that the element ?/ of /i is in the subset 
of A coded by x: 


^e{y,x) 


A Wz{{^b{z, y) A z ^ Xi) ^ z <u), 


Finally, if: 


^ub{x) 



^stat 



Wy3z{y < zA (pe(z,x)), 

\/y(\/z{z < y —>■ 3u{z < u A u < y A (pe{u, x))) —> 
‘fe(y,x)) 

ifubix) A (Pcl{x) 

A (fcub{x)) 3y{A{y) A ^))), 


then (A, <, A) |= (pstat if and only if A is stationary. □ 


Corollary 11 //2^° > Ki, and MA, then there is a p E such 

that for all A (Eoji: 


{uJi,<,A) h P 


A is stationary. 


Proof. We choose A = cui and p = coq in Theorem |l0 
by Lemma 0. Condition (iii) is a consequence of MA + 


Condition (ii) holds 
-CH by i. □ 


Note. The proof of Corollary ^ shows that we actually get the following 
stronger result: If > Ki, Kf = Ki and MA, then the full second order 
extension of is reducible to in expansions of (a;i, <). Then, 
in particular, is PC(L;^^tjJ-de£nable. This kind of reduction cannot hold 
on all models. For example, (Ui-like dense linear orders with a first element 
are all Loooji-equivalent, but not Lf,{,-equivalent. 

For a < A = let (a" : i < p) he a continuously increasing sequence of 
subsets of a with a = nf and |af| < p. Define /„ : /x —> /x by 

/„(z) = otp{af). 


Let be the club-filter on /i. Define for f,gE ^/r; 

/ 9 [i ■ /(*) = ^(*)} e D^. 
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Lemma 12 fa/D^ is independent of the choice of the sequence (a“ : i < /i). 


Theorem 13 Suppose 
(i) X = , where fi = > Kq- 

(a) For every club CCA there is some X p x p, such that 

a E C —>• {i < p : {i, /«(*)) G contains a club 

a ^ C —>• {i < p : {i, fa{i)) ^ X} contains a club. 

Then there is a sentence ip G Lxx such that for all AFX: 

(A, <,v4) \= if A is stationary. 


Proof. This is like the proof of Theorem One uses Lemma |T^ to refer 
to the functions /„. We leave the details to the reader. □ 

The Generalized Martin’s Axiom for p (GMA^) from is the following 
principle: 

Suppose P is a forcing notion with the properties: 


(GMAl) Every descending sequence of length < p in V has a 
greatest lower bound. 

(GMA2) li Pa E V for a < p~^, then there is a club C C /i+ and 
a regressive function f : p~^ ^ p~^ such that if a G C and 
cf(a) = p, then the set 


A = {py: ci{(3) = p, /(a) = /(/3)} 

is well-met (i.e. p,qEA^p\/qE a). 

Then for any dense open sets Da FV, a < k, where k < 2^, there 
is a hlter in V which meets every Da. 


Proposition 14 Suppose X = p~^, where p = p^^ > Kq, and GMA^. Then 
for every club CCA there is some X F p x p such that 

a E C —>■ {i < p : {i, /«(*)) G X} contains a club 
a ^ C —> {i < p ■. {i, fa{i)) ^ X} contains a club. 
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Proof. Let a club C C A be given. For a < /9 < A, let Cap G so that 
fo\Cap < fp\Cap- Let V consist of conditions 

p = {BP,r,cp,gn, 


where 

(i) BP C A. \BP\ < /i. 

(ii) fP is a partial mapping with Dom(/^) p x p, |Dom(/^’)| < fx, and 
Rng(/?’)C{0,1}. 

(hi) If a e BP, then {i < p : {i, /a(i)) G Dom(/^’)} is an ordinal jP. 

(iv) cP = {c^ : a E Bp), where is a closed subset of j^. We denote 
max(c^) by 5p. 

(v) If a G n C and i G Cp, then fP{i, fa{i)) = 1- If a G \ C and 
i G CP, then fP{i,fa{i)) = 0. 

(vi) gP is a partial mapping with Dom( 5 f^) C [BP]'^ and Rng( 5 f^) C fi. 

(vii) If a < /5 G Dom( 5 fP), then 0 7 ^ \ g{a, (3) C Cap- 

The partial ordering “g extends p” is dehned as follows: 

p<q ^ BP<ZB\fP<Zp,gP<Zg\ 

Vo G BP{c^ is an initial segment of c^), 
and if Sp < <5^, then Dom(g'^) 3 [Rp]^. 

We show now that V satishes conditions (GMAl) and (GMA2). 

Lemma 15 P satisfies (GMAl). 


Proof. Let Po <•••< P* <•••(*< 7 ) in P with 7 < p. We may assume 

§po < (jpi < Let 5 = sup{(5^* : i < 7 }. Let B = We extend 

Ui to / by dehning 


f{S,fam 


1 if a G R n G 
0 if a G R \ G. 


We have to check that this dehnition is coherent, i.e., if a G R H G and 
/5 G R \ G, then faiS) 7 ^ fp{S)- Suppose a G Bp* and (3 G Bpp with a < (3 
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and i < i'. Since <5^* < 5^*', g{a,P) is defined and \g{a,P) C Cap- Hence 
5 e Cap, whence fa{5) < fp{5). 

Let c = {ca ■ a E B) where Ca = Ui U {5}. Let j = Ui U {5}. Now 
the condition p = {B,f,c,g) is the needed l.u.b. of {pi)i<^. □ 

Lemma 16 V satisfies (GMA2). 

Proof. Suppose pa, a < \, are in V. Let h be a one-one mapping from 
V to odd ordinals < A. By = p there is a club CCA such that if 
a G C, cf(Q;) = p, and B^ C a, then h(p) < a, and ii a < fi, a, fi E C, then 
BP°‘ c fi. Choose a regressive function g from the complement of C to the 
even ordinals that is one-one on ordinals of cohnality p. Suppose cf(Q;) = p. 
Let /(a) = g{a) if a ^ C, and /(a) = h{pa\Q:) if a E C. Suppose now 

a < j3, cf(Q;) = cf(/5) = p, and /(a) = f {f3). W.l.o.g. a,P E C. Thus 

h{pa\oi) = hippfifi), whence Pa\oi = Pp\fi- It follows that Pa and pp have a 
l.u.b. □ 

Let 

Dap = {p E V a E B^ and 5^ > (3} 

where a < X, fi < p. We show that Dap is dense open. Suppose therefore 
p E V is given. We construct q E Dap with p < q. Let B'^ = B^ U {a}. Let 

E = f]{C^,:^,pEBfi^<p}{E D,). 

Let 5^ E E \ (3. Dehne = {c^ : ^ E B'^) by 

, / cf U {i’>, if { ^ a 

« I W, if? = a. 

Let 

C = fP\\l • 3^ - 3 ^ if a e C 

^ ^ I {((j, Uj)), 0) : f < J < if « ^ a 

Let g‘^{^, p) = SP for p) E [Mp]"^ \ Dom( 5 (^’). Let q = {B'^, g'^, S'^). Then 

Q £ Dap, and p < q. 

Let G be a hlter that meets every Dap- Let 

B = \J{BP:pEC} 

f = UiF-P^G} 

Ca = \J{ci :pEG} 
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Then B = \ and each is a club of /i. Let X = {(a, /3) G // x /i : /(a, P) = 
1}. Suppose a G C and i G Cq,. Then f{i,fa{i)) = 1 whence {i, fa{i)) ^ 
Suppose a ^ C and i G Ca- Then f{i, fa{i)) = 0 whence {i, fa{i)) ^ X. U 

Corollary 17 Suppose A = where fi = > Kq, and GMA^. Then 

there is a sentence ip G Lx\ such that for all A C A; 

(A, <,A) 1= (p A is stationary. 

Proof. The claim follows from Theorem ^ and Proposition |T^. □ 
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